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ABSTRACT

For a simple graph G, a vertex labeling φ : V (G) → {1, 2, . . . , k} is called

k-labeling. The weight of an edge xy in G, denoted by wπ(xy), is the sum
of the labels of end vertices x and y, i.e. wφ(xy) = φ(x)+φ(y). A vertex

k-labeling is de�ned to be an edge irregular k-labeling of the graphG if for

every two di�erent edges e and f , there is wφ(e) 6= wφ(f). The minimum

k for which the graph G has an edge irregular k-labeling is called the

edge irregularity strength of G, denoted by es(G). In this paper, we

determine the exact value of edge irregularity strength of disjoint union
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of cycles and generalized prisms. These results proved the upper bound

for edge irregularity strength for such graphs and can be used in future

for addressing schemes in di�erent applications.

Keywords: Irregular assignment, edge irregularity strength, disjoint

union, cycle, generalized prism.

1. Introduction

A graph G consists of �nite nonempty set of vertices V (G) and edges E(G)
is a useful discrete structures due to its wide range applications. A graph can
be classi�ed in di�erent ways due its architecture as directed or undirected,
connected or disconnected similarly cyclic or acyclic. A graph is often built from
another graph by applying certain graph operations like addition or deletion of
vertices or edges, transpose or complement, union or intersection. Two graphs
are said to be an edge disjoint if they share no edges, and vertex disjoint if they
share no vertices. Disjoint sub-graphs are obtained by decomposing a super-
graph or sometime they are unite to compose one super-graph. Disjoint graphs
can be used to represent inter-networks and cluster networks and labeling for
such graphs can improve these �elds.

Graph labeling is an assignment of integers to the vertices, edges or both
so the labeling is called vertex labeling, edge labeling or total labeling respec-
tively. Chartrand et al. (1988) de�ned irregular labeling as an assignment to
the edges of G such that the sum of all labels of all incident edges at each
vertex are di�erent. The minimum value of the largest label of an edge from all
existing irregular labelings is known as irregularity strength denoted as s(G).
In Chartrand et al. (1988), the authors determined the lower bound of irregu-
larity strength for m isomorphic copies of complete graphs Kn, n ≥ 5. Faudree
et al. (1989) determined the upper bound for m isomorphic copies of complete
graphs Kn, n ≥ 5. Kalkowski et al. (2011) determined the best upper bound is
s(G) ≤ 6dnδ e. Przybylo (2008),Cammack et al. (1991) and Aigner and Triesch
(1990) added some results on irregularity strength s(G) for trees and forests.

Motivated by the work of Chartrand et al. (1988), Ba£a et al. (2007)
introduced two types of total k-labelings as edge irregular total k-labeling
and vertex irregular total k-labeling. Total k-labeling is called edge irregu-
lar total k-labeling if for every two distinct pair of edges weights are distinct
wtφ(e) 6= wtφ(e′), where wtφ(e) = φ(x) + φ(xy) + φ(y). The minimum k for
which graph has an edge irregular total k-labeling is known as total edge irreg-
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ularity strength of G and denoted by tes(G). Total k-labeling is called vertex
irregular total k-labeling if for every two distinct pair of vertices weights are
distinct wtφ(x) 6= wtφ(x′), where wtφ(x) = φ(x)+

∑
y∈N(x)

φ(xy). The minimum

k for which G has a vertex irregular total k-labeling is known as total vertex ir-
regularity strength, denoted by tvs(G). Some results on total edge irregularity
strength and total vertex irregularity strength can be found in Ahmad et al.
(2012a,b, 2014b), Baskoro et al. (2010), Jendro© et al. (2010).

Ahmad et al. (2014a) introduced the edge irregular k-labeling as φ : V →
{1, 2, . . . , k}. In this labeling vertices are labeled with a condition that edge
weight for every two edges must be unique. While weight of any edge e = xy ∈
E(G) is calculated as wφ(xy) = φ(x) + φ(y). The minimum k for which the
graph G has an edge irregular k-labeling is called edge irregularity strength of
G, denoted by es(G).

The following theorem established the lower bound of the edge irregularity
strength for any graph G.

Theorem 1.1. (Ahmad et al. (2014a)) Let G = (V,E) be a simple graph with
maximum degree ∆ = ∆(G). Then

es(G) ≥ max

{⌈
|E(G)|+ 1

2

⌉
,∆(G)

}
.

In Ahmad et al. (2014a), the values of es(G) for path, cycle, star, dou-
ble star, and Cartesian product of two paths are calculated. Tarawneh et al.
(2018, 2019) determined the irregularity strength of disjoint union of star graph,
certain families of grid graphs and zigzag graphs. Tarawneh et al. (2016a,b)
calculated the edge irregularity strength of corona product of graphs with paths
and corona product of cycle with isolated vertices. Imran et al. (2017) deter-
mined the exact value of the edge irregularity strength of caterpillars, n-star
graphs, (n, t)-kite graphs, cycle chains and friendship graphs. Asim et al. (2018)
computed the improved upper-bound for complete graphs using algorithmic ap-
proach. Ahmad et al. (2018) computed edge irregularity strength of complete
m-ary trees using algorithmic approach. Most of the above articles are compiled
recently in Gallian (2018), as dynamic survey of graph labeling.

In this paper, we determined the exact values of edge irregularity strength
of disjoint union of cycles and generalized prisms. Ba£a and Siddiqui (2014)
has already proved total edge irregularity strength of generalized prism.
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2. Edge irregular k-labeling of disjoint union of

cycles

Let Cn be a cycle with n ≥ 3 edges. In the following, we will consider the
exact value of edge irregularity strength of disjoint union of two cycles Cn1

and
Cn2 where n1, n2 ≥ 3.

Theorem 2.1. For any integer n1, n2 ≥ 4, n1 ≡ 0 (mod 4) and
n2 ≡ 0, 1, 2 (mod 4), then

es(Cn1
∪ Cn2

) = dn1 + n2 + 1

2
e.

Proof. Let V (Cn1
) = {xi, 1 ≤ i ≤ n1}, E(Cn1

) = {xixi+1, 1 ≤ i ≤ n1 − 1} ∪
{xn1

−1}, V (Cn2
) = {yj , 1 ≤ j ≤ n2} and E(Cn2

) = {yjyj+1, 1 ≤ j ≤ n2−1}∪
{xn2

− 1}. According to Theorem 1.1, we have es(Cn1
∪ Cn2

) ≥ dn1+n2+1
2 e.

To prove the equality, we de�ne φ1 : V (Cn1
∪Cn2

)→ {1, 2, . . . , dn1+n2+1
2 e}

be the vertex labeling such that

φ1(xi) =

 2b i−12 c+ 1, if 1 ≤ i ≤ ni

2 + 1,

n1 − i+ 2, if ni

2 + 2 ≤ i ≤ n1.

φ1(yi) =



n1

2 + 2b j−12 c+ 1, if 1 ≤ j ≤ bn2

2 c,

and j = dn2

2 + 1e if n2 ≡ 1, 2 (mod 4),

n1+n2+1
2 , if

nj

2 + 1 ≤ j ≤ nj

2 + 2, andn2 ≡ 2 (mod 4),

n1+2n2+1
4 , if j = dn2

2 e, n2 ≡ 0, 1 (mod 4),

and dn1

2 + 3 ≤ j ≤ n2.

The weight of the edges are as follows:

wφ1
(xixi+1) =

 2i, if 1 ≤ i ≤ n1

2 ,

2(n1 − i) + 3, if n1

2 + 1 ≤ i ≤ n1 − 1.

wφ1(xn1x1) = 3.
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wφ1(yiyj+1) =



n1 + 2j, 1 ≤ j ≤ dn2

2 e − 1

and j = dn2

2 eif n2 ≡ 0, 1 (mod 4),

2n1+n2+4
2 + 2b j−12 c, if n2

2 ≤ j ≤
n2

2 + 1

andn2 ≡ 2 (mod 4),

n1 + n2 + 2b j−12 c − j + 3, j = dn2

2 e+ 1 if n2 ≡ 0, 1 (mod 4),

n1 + 3n2

2 + 2b j−12 c − j + 4, j = n2

2 + 2 if n2 ≡ 2 (mod 4),

n1 + n2 + 1, j = n2

2 + 1 if n2 ≡ 2 (mod 4),

n1 + 2n2 − 2j + 3, j = dn2

2 e+ 2 if n2 ≡ 0, 1 (mod 4)

dn2

2 + 3 ≤ j ≤ n2 − 1.

It is easy to verify that the edge weights are distinct for all pairs of distinct
edges. Thus, the vertex labeling φ1 is the desired edge irregular k-labeling.
This completes the proof.

The disconnected graph ∪pj=1Cnj
consists of the vertex set and edge set as

follows:

V (∪pj=1Cnj
) = ∪pj=1 ∪

pj
i=1 {v

j
i },

E(∪pj=1Cnj ) = ∪pj=1 ∪
pj
i=1 {v

j
i v
j
i+1}.

In the following theorem, we determine the exact value of edge irregularity
strength of disjoint union of cycles ∪pj=1Cnj

where nj ≥ 3 and p ≥ 3.

Theorem 2.2. For nj ≥ 4, nj ≡ 0 (mod 4) and p ≥ 3, es(∪pj=1Cnj
) = dnjp+1

2 e.

Proof. Let ∪pj=1Cnj be a graph with vertex set V (∪pj=1Cnj ) and edge set

E(∪pj=1Cnj ). According to Theorem 1.1, we have that es(∪pj=1Cnj ) ≥ dnjp+1
2 e.

To prove the equality, we de�ne φ2 : V (∪pj=1Cnj
) → {1, 2, . . . , dnjp+1

2 e} be
the vertex labeling such that

φ2(xi,j) =


nj(j−1)

2 + 2b i−12 c+ 1, if 1 ≤ i ≤ nj

2 + 1, 1 ≤ j ≤ p
nj(j+1)

2 − i+ 2, if
nj

2 + 2 ≤ i ≤ nj , 1 ≤ j ≤ p
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The weight of the edges are as follows:

wφ2(xi,jxi+1,j) =


nj(j − 1) + 2i, if 1 ≤ i ≤ nj

2 , 1 ≤ j ≤ p

njj + 1, if i =
nj

2 + 1, 1 ≤ j ≤ p

nj(j + 1)− 2i+ 3, if
nj

2 + 2 ≤ i ≤ nj − 1, 1 ≤ j ≤ p

wφ1(xnj ,jx1,j) = nj(j − 1) + 3.

It is easy to verify that the edge weights are distinct for all pairs of distinct
edges. Thus, the vertex labeling φ2 is the desired edge irregular k-labeling.
This completes the proof.

In the following �gure, we present the labeling as in the proof of Theorem
2.2 for the case n = 8, p = 4.

1

2

3

5

4

33

1

5

6

7

9

8
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9

9
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11

1110
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13

14

15

17

16

1515

13

Figure 1: An edge irregular 17-labeling for ∪4
j=1Cnj

, nj = 8

3. Edge irregular k-labeling of disjoint

generalized prism

In Theorem 2.2, we determined the exact value of edge irregularity strength
es(∪pj=1Cnj

) for nj ≡ 0 (mod 4). We try to �nd es(∪pj=1Cnj
) for all values of

nj but so far without success. So we conclude the following open problem.

Problem 1 Determine the exact value of es(∪pj=1Cnj ) for all values of nj .

The generalized prism D
mj
nj is de�ned as the Cartesian product Cnj

× Pmj

of a cycle on nj vertices with a path on mj vertices. We shall determine the
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exact value of edge irregularity strength of disjoint union of generalized prisms,
denoted by ∪pj=1D

mj
nj .

The vertex set and edge set of ∪pj=1D
mj
nj are de�ned as follows: V (∪pj=1D

mj
nj )

= {xji,s : 1 ≤ i ≤ nj , 1 ≤ s ≤ mj and 1 ≤ j ≤ p} and E(∪pj=1D
mj
nj ) =

{xji,sx
j
i+1,s : 1 ≤ i ≤ nj − 1, 1 ≤ s ≤ mj and 1 ≤ j ≤ p} ∪ {xjnj ,sx

j
1,s : 1 ≤ i ≤

mj , 1 ≤ j ≤ p} ∪ {xji,sx
j
i,s+1 : 1 ≤ i ≤ nj , 1 ≤ s ≤ mj − 1 and 1 ≤ j ≤ p}.

In the following theorem, we consider the exact value of edge irregularity
strength of disjoint union of generalized prisms, denoted by ∪pj=1D

mj
nj . where

mj ≥ 2, nj ≥ 4 and nj ≡ 0 (mod 4).

Theorem 3.1. If mj ≥ 2, nj ≥ 4 and nj ≡ 0 (mod 4), then

es(∪pj=1D
mj
nj

) = d (2mj − 1)nj + 1

2
e.

Proof. Let ∪pj=1D
mj
nj be a graph with vertex set V (∪pj=1D

mj
nj ) and edge set

E(∪pj=1D
mj
nj ). According to Theorem 1.1, we have that

es(∪pj=1D
mj
nj ) ≥ d (2mj−1)nj+1

2 e.

To prove the equality, we de�ne φ3 : V (∪pj=1D
mj
nj )→ {1, 2, . . . , d (2mj−1)nj+1

2 e}
be the vertex labeling such that
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φ3(xji,s) =



nj(s− 1) + 2b i−12 c+ 1, 1 ≤ i ≤ nj

2 + 1,

1 ≤ s ≤ mj , s is odd,

1 ≤ j ≤ p,

njs− i+ 2,
nj

2 + 2 ≤ i ≤ nj ,

1 ≤ s ≤ mj , s is odd,

1 ≤ j ≤ p,

nj(s− 1) + 2b i2c+ 1, 1 ≤ i ≤ nj

2 ,

1 ≤ s ≤ mj , s is even,

1 ≤ j ≤ p,

njs− i+ 1,
nj

2 + 1 ≤ i ≤ nj ,

1 ≤ s ≤ mj , s is even,

1 ≤ j ≤ p.

The weight of the edges are as follows:

wφ3(xji,sx
j
i,s+1) =



nj(2s− 1) + 2i, 1 ≤ i ≤ nj

2 , 1 ≤ s ≤ mj

and 1 ≤ j ≤ p,

nj(2s− 1) + 1, i =
nj

2 + 1, 1 ≤ s ≤ mj

and 1 ≤ j ≤ p,

2(njs− i) + 3,
nj

2 + 2 ≤ i ≤ nj , 1 ≤ s ≤ mj

and 1 ≤ j ≤ p.
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wφ3(xji,sx
j
i+1,s) =



2nj(s− 1) + 2i, 1 ≤ i ≤ nj

2 , 1 ≤ s ≤ mj

and s is odd, 1 ≤ j ≤ p,

nj(2s− 1) + 1, i =
nj

2 + 1, 1 ≤ s ≤ mj

and s is odd, 1 ≤ j ≤ p,

2(njs− i) + 3,
nj

2 + 2 ≤ i ≤ nj − 1, 1 ≤ s ≤ mj

and s is odd, 1 ≤ j ≤ p,

2nj(s− 1) + 2i+ 2, 1 ≤ i ≤ nj

2 − 1, 1 ≤ s ≤ mj

and s is even, 1 ≤ j ≤ p,

nj(2s− 1) + 1, i =
nj

2 , 1 ≤ s ≤ mj

and s is even, 1 ≤ j ≤ p,

2(njs− i) + 1,
nj

2 + 1 ≤ i ≤ nj − 1, 1 ≤ s ≤ mj

and s is even, 1 ≤ j ≤ p,

wφ3(xjnj ,sx
j
1,s) =



2nj(s− 1) + 3, 1 ≤ s ≤ mj , 1 ≤ j ≤ p

and s is odd,

2nj(s− 1) + 2, 1 ≤ s ≤ mj , 1 ≤ j ≤ p

and s is even.

It is easy to verify that the edge weights are distinct for all pairs of distinct
edges. Thus, the vertex labeling φ3 is the desired edge irregular k-labeling.

This completes the proof.

In Theorem 3.1, we determined the exact value of edge irregularity strength
es(∪pj=1D

mj
nj ) for nj ≡ 0 (mod 4) and mj ≥ 2. We try to �nd es(∪pj=1D

mj
nj ) for

all values of nj but so far without success. So we conclude the following open
problem.

Problem 2 Determine the exact value of es(∪pj=1D
mj
nj ) for mj ≥ 2 and all

values of nj .
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In the next corollary, we determine the exact value of edge irregularity
strength of disjoint union of prisms ∪pj=1Dnj = ∪pj=1D

1
nj
.

Corollary 3.1. If nj ≥ 4, nj ≡ 0 (mod 4) and p ≥ 2, then

es(∪pj=1Dnj
) = d3nj + 1

2
e.

Proof. The proof follows from Theorem 3.1.

In the following �gure, we present the labeling as in the proof of Corollary
3.1 for the case n = 8, p = 2.
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Figure 2: An edge irregular 24-labeling for ∪2
j=1Dnj

, nj = 8

4. Conclusion

According to de�nition of edge irregularity strength labels of vertices may
repeat to attain a smallest value of es(G) but weights of edges must be unique.
It is very interesting and challenging at the same time to �nd the exact value
for the edge irregularity strength for new families of graphs. The problems
discussed in this paper proved the upper bound of edge irregularity strength
for disjoint union of cycles, prisms and generalized prisms. These results can
be used in future for addressing schemes in di�erent applications.
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